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Work belongs to the most basic notions in thermodynamics but it is not well understood in quan-
tum systems, especially in open quantum systems. By introducing a novel concept of work functional
along individual Feynman path, we invent a new approach to study thermodynamics in the quantum
regime. Using the work functional, we derive a path-integral expression for the work statistics. By
performing the h¯ expansion, we analytically prove the quantum-classical correspondence of the work
statistics. In addition, we obtain the quantum correction to the classical fluctuating work. We can
also apply this approach to an open quantum system in the strong coupling regime described by the
quantum Brownian motion model. This approach provides an effective way to calculate the work in
open quantum systems by utilizing various path integral techniques. As an example, we calculate
the work statistics for a dragged harmonic oscillator in both isolated and open quantum systems.
Path integral formalism of quantum mechanics and
quantum field theory [1] has greatly influenced the the-
oretical developments of physics. It has an elegant
structure for treating gauge-invariant theories. The
semi-classical limit of quantum mechanics and instan-
tons [2] (the tunneling effect) can be intuitively under-
stood in this formalism. Quantum anomalies (e.g., chi-
ral anomaly) naturally arise from the path-integral mea-
sure [3]. Path integral allows us to understand continu-
ous quantum phase transitions in d dimensional system
from a mapped d + 1 dimensional classical system [4].
A path integral description of open quantum systems [5]
has been used to study the dissipative dynamics of the
quantum systems, known as the Caldeira-Leggett model
of the quantum Brownian motion [6].
Quantum thermodynamics [7–12] is an emergent field
studying the nonequilibrium statistical mechanics of the
quantum dissipative systems [13–15]. Topics in this field
include the role of coherence and entanglement in the
heat transfer in quantum devices [16–18] and in the quan-
tum heat engines [19, 20] and refrigerators [21]. Quite re-
cently, experimental studies have been put forward, such
as the experimental verification of the exact nonequilib-
rium relations [22] and the implementation of the quan-
tum Maxwell demon [23, 24]. Connections to quantum
information theory have been explored extensively in the
studies of Maxwell demon [25] and resource theories [26].
Previous efforts of constructing a framework of quan-
tum thermodynamics were mainly based on operator for-
malisms. For example, in Refs. [2, 9], the composite sys-
tem is treated as an isolated system, but the definition
of fluctuating work via two-point energy measurements
over the composite system is thought to be ad hoc. In
Refs. [28–31], a framework based on the quantum jump
method, which was borrowed from quantum optics, is
established. However, this framework is restricted to
very limited cases: the weak-coupling, Markovian and
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rotating-wave approximation (RWA) regime. Hence, how
to understand quantum work [7] (including relations to
its classical counterpart) and calculate its distributions
in generic open quantum systems become the most chal-
lenging problems in this field.
Classical stochastic thermodynamics [32–35], on the
other hand, is a framework established in the past two
decades, which extends the principles of thermodynam-
ics from ensemble level to individual trajectory level. For
example, work, heat and entropy production are identi-
fied as trajectory functionals. The first law is reformu-
lated on the trajectory level, and the second law is refined
from inequalities to equalities, known as fluctuation the-
orems (FT) [36–40]. The Onsarger-Machlup “path in-
tegral” approach [41] in formulating the FT [42–45] in
classical stochastic thermodynamics is an analogue [46]
of Feynman’s path integral formalism in quantum me-
chanics [1]. Thus, when extending the classical stochastic
thermodynamics to quantum regime, a natural idea is to
do it based on path integral methods. Nevertheless, no
attempt to reformulate quantum FT through Feynman’s
path integral formalism has succeeded so far (see Fig. 1
for historical developments in relevant fields).
In this Letter, we introduce a quantum work func-
tional along individual Feynman path in quantum sys-
tems, and study quantum work statistics. For isolated
quantum systems we reformulate the FT (the Jarzynski
equality) [47, 48] through path integral approach. For the
open quantum system, we study work statistics and FT
based on path integral methods [49–51] (see Fig. 1). In
particular, we can study the non-Markovian, non-RWA,
and strong coupling regime without making any approx-
imations [52]. This is intriguing since stochastic ther-
modynamics [53–56] and quantum thermodynamics [57–
61] with strong coupling have attracted much attention
recently. We utilize the semi-classical approximation
technique of the path integral and show the quantum-
classical correspondence of the work statistics. Further-
more, quantum corrections to the classical work func-
tional is obtained, bringing new insights into our under-
standings about quantum effects in thermodynamics.
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FIG. 1. Summary of historical developments of theories of dynamics and nonequilibrium work relations. The arrow between
every two boxes indicates the order in which the theories were developed. The fluctuating work W along individual trajectories
is defined differently in different contexts (see the bottom line of every column). We introduce the quantum work functional
Wν [x] (5) along individual Feynman paths and invent path integral approach to study quantum thermodynamics (orange dashed
box). Note that Feynman’s path [1] is an analogue of the Onsager-Machlup’s stochastic trajectory [41] (blue color). Similarly,
our definition of the work functional along individual Feynman path is an analogue of Sekimoto and Jarzynski’s definition of
the work functional as an integral of the supplied power [7].
Two-point measurement scheme.— We first consider an
isolated system with the system Hamiltonian given by
HS(λt) = pˆ
2/(2M) + Vˆ (λt, xˆ), where M is the mass
and Vˆ (λt, xˆ) is an arbitrary potential, whose time-
dependence is specified by λt. This external control of
the potential drives the system out of equilibrium and
injects work into the system. The fluctuating work in
an isolated system is defined via the so-called two-point
measurement scheme [47, 48]. By measuring the energy
of the system twice (E0n and E
τ
m) at t = 0 and t = τ ,
we define the quantum fluctuating work as the differ-
ence in the measured energies: Wm,n := E
τ
m − E
0
n. The
joint probability about observing such measured ener-
gies is given by p(n,m) := pn|〈m(τ)|US|n(0)〉|
2, where
pn := 〈n(0)|ρS(0)|n(0)〉, ρS(0) := e
−βHS(λ0)/ZS(λ0) is
the initial canonical density matrix of the system at the
inverse temperature β, |n(t)〉 is the n-th instantaneous
energy eigenstate of the system at time t, and US :=
Tˆ[exp[(−i/h¯)
∫ τ
0
dtHS(λt)]] is the unitary operator de-
scribing the time evolution of the system. The work prob-
ability distribution is given by P (W ) :=
∑
m,n δ(W −
Wm,n)p(m,n). Taking the Fourier transformation of the
work probability distribution, we define the characteris-
tic function of work [1] by χW (ν) :=
∫
dWP (W )eiνW .
This can be expressed as
χW (ν) = Tr[USe
−iνHS(λ0)ρS(0)U
†
Se
iνHS(λτ )]. (1)
Quantum work functional and work statistics in the
path integral formalism.— To obtain the path inte-
gral expression of Eq. (1), we note the following re-
lations: 〈xf |USe
−iνHS(λ0)|xi〉 =
∫
Dx e(i/h¯)S
ν
1 [x] and
〈yi|U
†
Se
iνHS(λτ )|yf〉 =
∫
Dy e−(i/h¯)S
ν
2 [y], where the ac-
tions Sν1 [x] and S
ν
2 [y] are defined as
Sν1 [x] :=
∫ h¯ν
0
dtL[λ0, x(t)] +
∫ τ+h¯ν
h¯ν
dtL[λt−h¯ν , x(t)],
Sν2 [y] := S[y] +
∫ τ+h¯ν
τ
dsL[λτ , y(s)]. (2)
Here, S[y] :=
∫ τ
0 dsL[λs, y(s)] is the usual action and
L[λs, y(s)] :=
M
2 y˙
2(s) − V (λs, y(s)) is the Lagrangian.
As a result, we can rewrite Eq. (1) as
χW (ν) =
∫
e
i
h¯
(Sν1 [x]−S
ν
2 [y])ρ(xi, yi), (3)
where ρ(xi, yi) := 〈xi|ρS(0)|yi〉 and the integration
in Eq. (3) is performed over
∫
dxidyidxfdyfδ(xf −
yf )
∫
Dx
∫
Dy. In Eq. (3), the time dependence of the
controlling parameter λt between the forward x(t) and
the backward y(s) paths are shifted by h¯ν, which is rel-
evant to the Ramsey interferometry scheme proposed in
Ref. [63] (see also Fig. 2 (a)). Next, we use the iden-
tity (i/h¯)Sν1 [x] = (i/h¯)S
ν
2 [x] + iνWν [x] [64] and rewrite
Eq. (3) as
χW (ν) =
∫
e
i
h¯
(Sν2 [x]−S
ν
2 [y])ρ(xi, yi)e
iνWν [x]. (4)
Here, we introduce the quantum work functional along
the forward path x(t) [65]
Wν [x] :=
∫ τ
0
dt
1
h¯ν
∫ h¯ν
0
dsλ˙t
∂V [λt, x(t+ s)]
∂λt
. (5)
It can be regarded as a quantum extension of the classical
work defined as the integral of the supplied power [32, 36]
Wcl[x] :=
∫ τ
0
dtλ˙t
∂V [λt, x(t)]
∂λt
. (6)
Both Wν [x] and Wm,n lead to the same work statistics
(Eq. (1) and Eq. (4) are identical). In Ref. [7], it is
3pointed out that the equivalence of power and two-point
measurement based work definitions fails to hold in quan-
tum mechanics. We would like to emphasize that their
conclusion is due to the fact that they did not obtain the
proper quantum extension of Eq. (6). From Eq. (5), we
find that a time-average (h¯ν)−1
∫ h¯ν
0 ds · · · is required to
circumvent the uncertainty relation and obtain the high-
frequency component ν of the work functional.
By performing the h¯ expansion (or the ν expansion) in
the quantum work functional (5), we can systematically
obtain the quantum corrections to the classical expres-
sion of the work functional:
Wν [x] = Wcl[x] +
iν
2
W (1)q [x]−
ν2
3!
W (2)q [x] + · · · , (7)
where
W (1)q [x] := −ih¯
∫ τ
0
dtx˙(t)λ˙t
∂2V [λt, x(t)]
∂λt∂x(t)
(8)
is the first-order quantum correction to Eq. (6). Fur-
ther quantum corrections can be obtained by Tay-
lor expanding Eq. (5). Using the formula 〈Wn〉 :=
(−i)n∂nν χW (ν)|ν=0, we can calculate the moments of
work as follows [66]:
〈Wn〉 =
∫
e
i
h¯
(S[x]−S[y])ρ(xi, yi) (−i)
n∂nν e
iνWν [x]
∣∣∣
ν=0
.
(9)
The expansion (7) is useful for calculating the n-th mo-
ment of work distribution via Eq. (9). An important
observation in this path integral expression is that the
quantum corrections to the classical work functional can
be found starting from the second moment of work dis-
tribution:
〈W 〉 = 〈Wcl〉q-path, 〈W
2〉 = 〈W 2cl〉q-path + 〈W
(1)
q 〉q-path,
(10)
where 〈•〉q-path means average over all Feynman quan-
tum paths; 〈f〉q-path :=
∫
e
i
h¯
(S[x]−S[y])ρ(xi, yi)f [x]. In
general, the n-th order quantum correction appears in
the n+ 1-th moment of the work distribution.
In the semiclassical limit (h¯ → 0), the quantum
work functional (5) reduces to the classical fluctuating
work (6), and the center coordinate X(t) := (x(t) +
y(t))/2 behaves as the classical position of the sys-
tem [49]. By taking the stationary phase approxi-
mation, Eq. (4) converges to its classical counterpart
〈eiνWcl〉cl-path [67]. Here 〈f〉cl-path =
∫
δ(MX¨(t) +
V ′[X(t)])p(Xi, X˙i)f [X ] means average over all classi-
cal paths obeying Newton’s equation, and p(Xi, X˙i) is
the initial phase-space distribution. Therefore, we ana-
lytically prove the quantum-classical correspondence of
the characteristic function of work distribution in iso-
lated systems. Relevant results have been obtained in
Refs. [70, 71] using a different technique.
Path integral formalism for an open system.— Hav-
ing established a path integral formalism for an iso-
lated system, we generalize it to the open system



	

0
̅


 
 
 



	

0
̅
   	
	 

	

0
̅
   	



 

 


 	
  	

  ′
   		









	
	










	


 
 
FIG. 2. Contours used in the path integral and the time-
dependence of the actions. (a) Time-dependence of the exter-
nal control used in Sν1 [x] (dotted blue curve) and S
ν
2 [y] (solid
orange curve). (b) Contour used in Eq. (12). Red wavy lines
show the correlation function L(z − z′) in FFV[x, y, x¯]. (c-d)
Contour used in the characteristic function of work. Time-
dependences of the external control are different in Eq. (14)
and Eq. (16).
(see Fig. 1) –quantum Brownian motion described by
Caldeira-Leggett model [6, 13]. We use the Caldeira-
Leggett model for two reasons. First, the semi-classical
limit of this model reproduces the Langevin equation
with inertia term [6, 13], which is a prototype model in
the study of classical stochastic thermodynamics [32–35].
Second, we can analytically integrate out the degrees of
freedom of the heat bath, which brings important in-
sights into the understandings of the work statistics in
the open quantum system. The Hamiltonian of the com-
posite system is given by Htot(λt) = HS(λt)+HB+HSB,
with
HS(λt) =
pˆ2
2M
+ Vˆ (λt, xˆ), HB =
∑
k
(
pˆ2k
2mk
+
mkω
2
k
2
qˆ2k
)
,
HSB = −xˆ⊗
∑
k
ck qˆk +
∑
k
c2k
2mkω2k
xˆ2, (11)
where we have included the counter term∑
k(c
2
k/2mkω
2
k)xˆ
2 in the interaction Hamiltonian to
cancel the negative frequency shift of the potential [72].
Here HS(λt) is the same Hamiltonian we use for an
isolated system, and mk, ωk, ck, qˆk and pˆk are the mass,
frequency, coupling strength, position and momentum
of the k-th mode of the bath, respectively.
The reduced density matrix of the system at time τ
is given by ρS(τ) = TrB[USBρ(0)U
†
SB], where USB =
Tˆ[exp(− ih¯
∫ τ
0 dtHtot(λt))] is the unitary time-evolution
operator for the composite system and we choose the ini-
tial state to be ρ(0) = exp(−βHtot(λ0))/Ztot(λ0). Using
the path-integral technique, the reduced density matrix
4takes the form [49–52]
〈xf |ρS(τ)|yf 〉 = Z
−1
λ0
∫
dxidyi
∫ x(τ)=xf
x(0)=xi
Dx
∫ y(τ)=yf
y(0)=yi
Dy
×
∫ x¯(h¯β)=xi
x¯(0)=yi
Dx¯ e
i
h¯
(S[x]−S[y])− 1
h¯
SE[x¯]FFV[x, y, x¯], (12)
where FFV[x, y, x¯] is the generalized Feynman-Vernon in-
fluence functional [50, 51], and x, y, x¯ are the forward,
backward, imaginary time coordinates of the system, re-
spectively (see also the contour C1 in Fig. 2 (b)). Here,
S[x] is the action, SE[x¯] :=
∫ h¯β
0
du(M2 ˙¯x
2(u)+V [λ0, x¯(u)])
is the Euclidian version of the action, and Zλ0 :=
Tr[e−βHtot(λ0)]/Tr[e−βHB ] is the reduced partition func-
tion of the system.
Work statistics for the Caldeira-Leggett model.— By gen-
eralizing Eq. (1) to the case of the composite system, the
characteristic function of work distribution is given by
χW (ν) = Tr
[
USBe
−iνHtot(λ0)ρ(0)U †SBe
iνHtot(λτ )
]
. (13)
We can integrate out the bath degrees of freedom and ob-
tain the path integral expression of Eq. (13) by adapting
a similar technique we use for the isolated system:
χW (ν) = Z
−1
λ0
∫
e
i
h¯
(Sν1 [x]−S
ν
2 [y])−
1
h¯
SE[x¯]F νFV[x, y, x¯].
(14)
Here, the integration is performed over
∫
δ(xf −
yf )dxidyidxfdyfDxDyDx¯ and the influence functional
is given by
F νFV[x, y, x¯] = exp
[
−
1
h¯
∫ τ+h¯ν
0
dt
∫ t
0
ds(x(t) − y(t))(L(t− s)x(s)− L∗(t− s)y(s)) +
iµ
h¯
∫ τ+h¯ν
0
dt(x2(t)− y2(t))
+
i
h¯
∫ τ+h¯ν
0
dt
∫ h¯β
0
du(x(t)− y(t))L∗(t− iu)x¯(u) +
1
h¯
∫ h¯β
0
du
∫ u
0
du′L(−iu+ iu′)x¯(u)x¯(u′)−
µ
h¯
∫ h¯β
0
dux¯2(u)
]
, (15)
where L(t− iu) :=
∑
k
c2k
2mkωk
(cosh h¯ωkβ2 coshωk(u+ it)−
sinhωk(u+ it)) is the complex bath correlation function,
and µ :=
∑
k c
2
k/(2mkω
2
k). See Fig. 2 (c) for the contour
C2 we use in Eq. (14). Also note that by taking ν = 0,
Eq. (15) reproduces FFV[x, y, x¯]. The actions S
ν
1 [x] and
Sν2 [y] are the same as that we use for the isolated sys-
tem (2). Using again the identity [64], the path integral
expression of the characteristic function of work distri-
bution for an open system is given by (see Fig. 2 (d) for
the contour)
χW (ν) = Z
−1
λ0
∫
dxfdyfdxidyiδ(xf − yf )
∫
DxDyDx¯
×e
i
h¯
(Sν2 [x]−S
ν
2 [y])−
1
h¯
SE[x¯]F νFV[x, y, x¯]e
iνWν [x], (16)
where the quantum work functional is given by Eq. (5).
We note that Eq. (16) is valid for the strong-coupling,
non-Markovian, and non-RWA regime, and it allows
us to calculate work statistics of the quantum Brow-
nian model. The moments of work can be calculated
by using Eq. (9), but the average is over all Feynman
paths for the open system dynamics (12): 〈f〉q-path =
Z−1λ0
∫
e
i
h¯
(S[x]−S[y])− 1
h¯
SE[x¯]FFV[x, y, x¯]f [x]. In particu-
lar, Eq. (10) also holds for an open system using the
above path integral average. We can show the Jarzyn-
ski equality using the path integral expression by using
Eq. (16) [73].
To show the quantum-classical correspondence of the
characteristic function of work in the Brownian motion
model, we take h¯ → 0 and β → 0 and introduce X(t) =
(x(t)+y(t))/2. We follow the standard treatment [49, 52]
to obtain the quasiclassical (non-Markovian) Langevin
equation by introducing the noise function Ω(t) :=
i
∫ τ
0 ds(x(s)− y(s))Re[L(t− s)]. Using a method similar
to that of the isolated system, we prove that in the clas-
sical limit, Eq. (16) converges to its classical counterpart
〈eiνWcl〉cl-path [67]. Here, 〈f〉cl-path is the average over
all classical paths satisfying the non-Markovian Langevin
equation MX¨(t)+V ′[X(t)] +
∫ t
0
dsK(t− s)X˙(s) = Ω(t),
where K(t) :=
∑
k(c
2
k/mkω
2
k) cosωkt is the classical
bath-correlation function. We emphasize that the intro-
duction of the work functional along individual Feynman
path enables us for the first time to show the quantum-
classical correspondence of the work statistics in open
systems (see Fig. 1).
Example: dragged harmonic oscillator.— In order to
demonstrate the effectiveness of our approach in calcu-
lating work statistics, let us consider a potential given
by V [λt, x(t)] =
Mω2
2 (x(t) − λt)
2. Here, λt describes the
time dependence of the center of the harmonic poten-
tial, and we consider a linear protocol λt = vt. We note
that the characteristic function of work for an isolated
system is analytically calculated in Ref. [3] by utilizing
the concept of work based on two-point measurement.
In Ref. [76], we obtain the same result by using our path
integral approach.
For an open system described by the Caldeira-Leggett
model (11), we cannot apply the two-point measurement
approach in practice because of the huge number of de-
grees of freedom of the bath. However, the introduction
of the work functional (5) enables us to analytically calcu-
late the characteristic function of work distribution (16)
by using techniques [4] developed in the field of path in-
tegral for open quantum systems [76]. We plot χW (ν) in
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FIG. 3. Plot of the characteristic function of work distri-
bution for a dragged harmonic oscillator using the Caldeira-
Leggett model (11). The analytical expression of χW (ν)
is given in Ref. [68]. For simplicity, we choose the high-
temperature regime and choose the following parameters:
M = ω = v = 1, τ = 2, β = 0.01. We choose the Ohmic
spectrum J(ω) :=
∑
k
(pic2k/2mkωk)δ(ω − ωk) = Mγω with a
high-frequency cutoff ωD, where γ is the friction coefficient.
(a-b) Plot of Im[ln χW (ν)] and Re[lnχW (ν)] for different val-
ues of h¯ (we set γ = 0.5). (c-d) Plot of Im[lnχW (ν)] and
Re[lnχW (ν)] for different values of γ (we set h¯ = 1).
Fig. 3.
Summary.— Before concluding the paper, we would like
to give the following remarks. The usual two-point mea-
surement based quantum work is good for demonstrating
Jarzynski equality [2] but practically cannot be used to
studying work statistics in an open quantum system be-
cause we have to deal with a huge number of degrees of
freedom of the bath. By contrast, with the work func-
tional along individual Feynman path, we can not only
demonstrate the Jarzynski equality but we can also cal-
culate the work statistics and show the convergence of the
quantum work statistics to its classical counterpart. In
addition, the work functional along individual Feynman
path provides important insights into our understandings
about work in quantum systems. Thus, the path inte-
gral approach to quantum work has both conceptual and
technical advantages over the two-point measurement ap-
proach to quantum work.
In this Letter, we invented a path integral approach
to study the quantum work and its statistics in the
non-Markovian, non-RWA, and strong coupling regime
using the quantum Brownian motion model. In com-
parison with the definition of work based on two-point
measurement, the work functional along individual Feyn-
man path (5) introduced in our paper offers conceptually
different interpretations and physical intuitions about
work in quantum systems. Through the h¯ expansion,
we can systematically obtain quantum corrections to the
classical work. In the strong-coupling quantum Brown-
ian model, this work functional enables us to calculate
the work statistics and prove analytically the quantum-
classical correspondence of both the work functional and
the work statistics, which has not been reported in open
systems so far. In addition, we use a dragged harmonic
oscillator as an example to show the corrections and the
convergence of the quantum work statistics to its classical
counterpart in an open quantum system.
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In this supplementary material, we give a detailed derivation of the classical limit of the characteristic function of
work in Sec. I. In Sec. II, we derive Jarzynski’s equality based on the path integral expression (16). In Sec. III, we
analytically calculate the characteristic function of work for a dragged harmonic oscillator.
I. CONVERGENCE OF THE QUANTUM CHARACTERISTIC FUNCTION OF WORK
DISTRIBUTION TO ITS CLASSICAL COUNTERPART
In this section, we show the convergence of the quantum characteristic function of work distribution to its classical
counterpart in detail.
A. Isolated system case
We first take the lowest order h¯ terms for the action of the forward and backward paths, and obtain
i
h¯
Sν2 [x]−
i
h¯
Sν2 [y] = −
i
h¯
∫ τ
0
dtξ(t)
(
MX¨(t) + V ′(X)
)
−
i
h¯
Mξ(0)X˙(0) +O(ξ3) +O(h¯). (S1)
Here, we define X = (x + y)/2 and ξ = x− y, and we expand the potential energy as V (x) − V (y) = V (X + ξ/2)−
V (X − ξ/2) = ξV ′(X) + O(ξ3) in Eq. (S1). Because of the delta function δ(xf − yf ) in the characteristic function
of work, we can set ξ(τ) = xf − yf = 0 and thus O(h¯
0) terms vanish. Next, we use the notation X˙i = X˙(0) and
introduce the Wigner function
p(Xi, X˙i) :=
1
pih¯
∫
dξie
−(i/h¯)MξiX˙iρ(Xi, ξi), (S2)
which converges to the classical phase-space distribution in the h¯ → 0 limit. Using Eqs. (S1) and (S2) and keeping
the lowest order h¯ terms, the characteristic function of work distribution (4) takes the form
χW (ν) = pih¯
∫
dXfdXi
∫
DX
∫
Dξ e
−(i/h¯)
∫
τ
0
dtξ(t)(MX¨(t)+V ′[X(t)])
p(Xi, X˙i)e
iνWcl[X] +O(h¯). (S3)
Integration over Dξ gives a delta function δ(MX¨(t) + V ′[X(t)]), and we show the quantum-classical correspondence
of the work statistics for an isolated system:
χW (ν) =
∫
dXfdXi
∫
DXδ(MX¨(t) + V ′[X(t)])eiνWcl[X]p(Xi, X˙i) +O(h¯) =
〈
eiνWcl
〉
cl-path
+O(h¯). (S4)
B. Open system case
Let us consider the lowest order h¯ expansion in the generalized Feynman-Vernon influence functional (15):
F νFV[x, y, x¯] = exp
[
−
1
h¯
∫ τ
0
dt
∫ t
0
ds(x(t)− y(t))(L(t − s)x(s)− L∗(t− s)y(s)) +
iµ
h¯
∫ τ
0
dt(x2(t)− y2(t))
+
i
h¯
∫ τ
0
dt
∫ h¯β
0
duL∗(t− iu)
(
x(t) − y(t)
)
x¯(u)
+
1
h¯
∫ h¯β
0
du
∫ u
0
du′L(−iu+ iu′)x¯(u)x¯(u′)−
µ
h¯
∫ h¯β
0
dux¯2(u) +O(h¯)
]
. (S5)
2Note that O(h¯0) terms vanish because ξ(τ) = 0. The first two terms inside the exponential can be calculated as
−
1
h¯
∫ τ
0
dt
∫ t
0
ds(x(t) − y(t))(L(t− s)x(s) − L∗(t− s)y(s)) +
iµ
h¯
∫ τ
0
dt(x2(t)− y2(t))
= −
1
2h¯
∫ τ
0
dt
∫ τ
0
dsξ(t)LRe(t− s)ξ(s)−
i
h¯
∫ τ
0
dt
∫ t
0
dsK(t− s)ξ(t)X˙(s)−
i
h¯
X(0)
∫ τ
0
dtK(t)ξ(t), (S6)
where LRe(t) := Re[L(t)] and K(t) =
∑
k(c
2
k/mkω
2
k) cosωkt is the classical bath correlation function. By taking the
high-temperature limit for the second line in Eq. (S5), we have
i
h¯
∫ τ
0
dt
∫ h¯β
0
duL∗(t− iu)
(
x(t) − y(t)
)
x¯(u)
=
i
h¯
∫ τ
0
dt
∫ h¯β
0
du
(
x(t) − y(t)
)
x¯(u)
∑
k
c2k
2mkωk
sinh(h¯ωkβ/2− ωku) sinh(iωkt)
sinh h¯ωkβ/2
−
i
h¯
∫ τ
0
dt
(
x(t)− y(t)
)∑
k
c2k
2mkω2k
cosh(iωkt)
{[ sinh(h¯ωkβ/2− ωku)
sinh(h¯ωβ/2)
x¯(u)
]h¯β
0
−
∫ h¯β
0
du ˙¯x(u)
sinh(h¯ωkβ/2− ωku)
sinh(h¯ωβ/2)
}
=
i
h¯
X(0)
∫ τ
0
dtK(t)ξ(t) +O(β). (S7)
We combine Eqs. (S1) and (S5-S7) and obtain the characteristic function of work (16) in the h¯ → 0 and β → 0
limit:
χW (ν) =
∫
dxidyidxfdyfδ(xf − yf )DxDyDx¯e
− 1
h¯
S(E)[x¯]+ i
h¯
(Sν2 [x]−S
ν
2 [y])F νFV[x, y, x¯]e
iνWν [x]
=
∫
dXfdXi
∫
dξi
∫
DX
∫
Dξ
∫
DΩP [Ω]e−
i
h¯
MX˙iξiρ(Xi, ξi)e
iνWcl [X]
× exp
[
−
i
h¯
∫ τ
0
dtξ(t)
(
MX¨(t) + V ′[X(t)] +
∫ t
0
dsK(t− s)X˙(s)− Ω(t)
)]
+O(h¯, β), (S8)
where the reduced canonical distribution of the system is given by
ρ(Xi, ξi) =
1
Zλ0
∫
Dx¯ exp
(
−
1
h¯
S(E)[x¯] +
1
h¯
∫ h¯β
0
du
∫ u
0
du′L(−iu+ iu′)x¯(u)x¯(u′)−
µ
h¯
∫ h¯β
0
dux¯2(u)
)
, (S9)
and we introduce the noise
Ω(t) := i
∫ τ
0
dsLRe(t− s)ξ(s), (S10)
and the weight function
P [Ω] = C−1 exp
[
−
1
2h¯
∫ τ
0
dt
∫ τ
0
dsΩ(t)L−1Re (t− s)Ω(s)
]
, (S11)
with C being the normalization constant. By taking the high-temperature (classical) limit, we have LRe(t) =
(1/h¯β)K(t) +O(β). Therefore, the noise Ω(s) satisfies the classical properties in the high-temperature limit:
〈Ω(t)〉 = 0, (S12)
〈Ω(t)Ω(s)〉 = h¯LRe(t− s) = β
−1K(t− s) +O(β). (S13)
We introduce the Wigner function by Eq. (S2) and integrate over Dξ to finally obtain
χW (ν) =
∫
dXfdXi
∫
DX
∫
DΩP [Ω]δ
(
MX¨(t)+V ′[X(t)]+
∫ t
0
dsK(t−s)X˙(s)−Ω(t)
)
p(Xi, X˙i)e
iνWcl[X]+O(h¯, β),
(S14)
where the delta function enforces the classical path X(t) to satisfy the classical non-Markovian Langevin equation:
MX¨(t) + V ′[X(t)] +
∫ t
0
dsK(t− s)X˙(s) = Ω(t). (S15)
Equation (S14) is the classical characteristic function of work and thus we show the quantum characteristic function
of work distribution converges to its classical counterpart.
3II. JARZYNSKI’S EQUALITY
Jarzynski’s equality can be shown by taking ν = iβ in the characteristic function of work [S1, S2]. From Eq. (13),
we have
χW (iβ) =
∫
dWe−βWP (W ) =
〈
e−βW
〉
= e−β∆F . (S16)
Here, ∆F := Fλτ − Fλ0 , where Fλt := −β
−1 lnZλt is the free energy of the open system of interest [S2]. We can also
show the Jarzynski equality using the path integral expression by using Eq. (16). We note that taking ν = iβ requires
a Wick rotation, and the quantum work functional (5) can be expressed as
−βWβ [{x¯t}] = −
∫ τ
0
dtλ˙t
∂
∂λt
1
h¯
SE[λt, x¯t], (S17)
where SE[λt, x¯t] =
∫ h¯β
0
du[M ˙¯x2t (u)/2 + V (λt, x¯t(u))] with endpoint conditions x¯t(0) = x(t) and x¯t(h¯β) = y(t). Then,
we find that
F iβFV[x, y, x¯]e
−βWβ [{x¯t}] = F˜FV[x, y, x¯τ ], (S18)
where F˜FV is calculated from the time-reversal of the contour C1 (Fig. 2 (b)). This gives a density matrix ρ˜
S(τ)
generated from the time-reversed protocol. Therefore,
χW (iβ) = Tr[ρ˜S(τ)]e
−β∆F = e−β∆F (S19)
and this is the Jarzynski’s equality.
III. CHARACTERISTIC FUNCTION OF WORK FOR A DRAGGED HARMONIC OSCILLATOR
In this section, as an example, we obtain analytical results for a dragged harmonic oscillator. The potential is given
by V [λt, x(t)] =
Mω2
2 (x(t) − λt)
2, where we choose a linear dragging protocol λt = vt.
A. Isolated system
The characteristic function of work for an isolated system is analytically calculated in Ref. [S3] and it takes the
form
χW (ν) = exp
[Mω
h¯
(
i sin h¯ων − (1− cos h¯ων) coth
h¯ωβ
2
)
f(τ)
]
, (S20)
where f(τ) :=
∫ τ
0 dt
∫ t
0 ds cosω(t− s)λ˙tλ˙s. The work functional is given by
Wν [x] =
∫ τ
0
dt
1
h¯ν
∫ h¯ν
0
dsλ˙tMω
2(λt − x(t+ s)). (S21)
We also note that
Wcl[x] =Mω
2
∫ τ
0
dtλ˙t(λt − x(t)), (S22)
W (1)q [x] = ih¯Mω
2
∫ τ
0
dtλ˙tx˙(t), (S23)
W (2)q [x] = h¯
2Mω2
∫ τ
0
dtλ˙tx¨(t). (S24)
If we only use the classical expression of work (S22) for the calculation of the work statistics, we have
〈eiνWcl〉q-path = exp
[
Mω2
{(
iν −
ν2h¯ω
2
coth
h¯ωβ
2
)
f(τ) +
ih¯ν2ω
2
g(τ)
}]
, (S25)
4where g(τ) :=
∫ τ
0 dt
∫ t
0 ds sinω(t− s)λ˙tλ˙s. It gives the correct first moment of work distribution
〈Wcl〉q-path = Mω
2f(τ), (S26)
but we find a deviation already in the second moment. To obtain the correct second moment, we need to take into
account the first order quantum correction W
(1)
q [x] as in Eq. (10). We find 〈W
(1)
q 〉q-path = ih¯Mω
3g(τ), and thus
〈W 2cl〉q-path + 〈W
(1)
q 〉q-path = M
2ω4f2(τ) + h¯Mω3 coth
h¯ωβ
2
f(τ) (S27)
gives the second moment
〈
W 2
〉
calculated from χW (ν). We further check the validity of the h¯ (or the ν) expansion (6)
up to the second order and find that
〈eiνWcl−
ν2
2 W
(1)
q −
iν3
3! W
(2)
q 〉q-path = exp
[
Mω2
(
iν −
h¯ν2ω
2
coth
h¯ωβ
2
−
ih¯2ν3ω2
6
)
f(τ) +O(ν4)
]
. (S28)
This is consistent with the exact expression χW (ν) up to ν
3 terms. We finally note that the classical characteristic
function of work is given by
〈eiνWcl〉cl-path = exp[Mω
2(iν − ν2β−1)]. (S29)
B. Open system
Next, we consider the case of an open system. We note that if we want to calculate the characteristic function in
this setup, starting from Eq. (14) is convenient. Our starting point is the following expression for the characteristic
function of work [Eq. (14)]:
χW (ν) = I0
∫
dxidyidxfdyfδ(xf − yf )
∫
DxDyDx¯e−
1
h¯
S¯eff+
i
h¯
(Sν1 [x]−S
ν
2 [y])
× exp
[
−
1
2h¯
∫ τ+h¯ν
0
dt
∫ τ
0
dsξ(t)LRe(t− s)ξ(s)−
iMγ
h¯
∫ τ+h¯ν
0
dtξ(t)X˙(t) −
iMγ
h¯
Xiξi
]
, (S30)
where the effective action S¯eff is given by [S4]
e−
1
h¯
S¯eff =
∫
Dx¯ exp
[
−
1
h¯
SE[x¯] +
i
h¯
∫ τ+h¯ν
0
dt
∫ h¯β
0
duL∗(t− iu)ξ(t)x¯(u)
+
1
h¯
∫ h¯β
0
du
∫ u
0
du′L(−iu+ iu′)x¯(u)x¯(u′)−
µ
h¯
∫ h¯β
0
dux¯2(u)
]
= I0 exp
[
−
Mγ
2h¯pi
∫ ωD
0
dΩ
Ω3 coth h¯Ωβ2
(ω2 − Ω2)2 + γ2Ω2
{
ξ2i − ξi
∫ τ+h¯ν
0
dtξ(t)
(
2(Ω2 − ω2)
Ω
sinΩt− 2γ cosΩt
)}
(S31)
−
M
2κh¯
{
Xi +
iγ
pi
∫ τ+h¯ν
0
dt
∫ ωD
0
dΩ
Ωcoth h¯βΩ2
(ω2 − Ω2)2 + γ2Ω2
ξ(t)
(
(ω2 − Ω2) cosΩt− γΩ sinΩt
)}2
+
iMγ
h¯
Xiξi
]
.
Here, κ =
∑∞
n=−∞(ω
2
n + γ|ωn| + ω
2)−1 with ωn = 2npi/(h¯β), and I0 comes from the Gaussian integral performed
in the first line of Eq. (S31). We choose the Ohmic spectrum J(ω) = Mγω with a high frequency cutoff ωD. The
classical bath correlation function satisfies K(t− s) = Mγδ(t− s). Now Eq. (S30) takes the form
χW (ν) = I0
∫
dxidyidxfdyfδ(xf − yf )
∫
DxDy exp
[
−
i
h¯
∫ τ+h¯ν
0
dtMX(t)
(
ξ¨(t)− γξ˙(t) + ω2ξ(t)− ω2(λ1(t)− λ2(t))
)
+
i
h¯
MXf ξ˙(τ + h¯ν)−
i
h¯
MXiξ˙(0) +
i
h¯
MγXiξi +
iMω2
2h¯
∫ τ+h¯ν
0
dt(ξ(t) − λ1(t) + λ2(t))(λ1(t) + λ2(t))
−
1
2h¯
∫ τ+h¯ν
0
dt
∫ τ
0
dsξ(t)LRe(t− s)ξ(s)−
1
h¯
S¯eff
]
. (S32)
Here, we define
λ1(t) =
{
0 if t ≤ h¯ν
v(t− h¯ν) if h¯ν ≤ t
, λ2(t) =
{
vt if t ≤ τ
vτ if τ ≤ t
. (S33)
5Now the integration over DX will determine the functional form of ξ(t) by solving the following differential equation:
ξ¨(t)− γξ˙(t) + ω2ξ(t)− ω2(λ1(t)− λ2(t)) = 0. (S34)
Here, we set the condition ξ(τ + h¯ν) = 0 which comes from δ(xf − yf ) inside the definition of the characteristic
function of work. The solution to (S34) is
ξ(t) =
1
sinωd(τ + h¯ν)
(
ξie
γ
2 t sinωd(τ + h¯ν − t)
−ω2e
γ
2 t
∫ τ+h¯ν
t
ds
(
sinωdt sinωd(τ + h¯ν − s) + sinωd(τ + h¯ν − t) sinωs
)
e−
γ
2 s(λ1(s)− λ2(s))
)
, (S35)
with ωd =
√
ω2 − γ2/4 (we consider the underdamped regime ω ≥ γ/2 in Fig. 2). Next, the integral over dXf in
Eq. (S32) will lead to ξ˙(τ + h¯ν) = 0 (and also gives a constant which cancels I0 in Eq. (S32)). We note that the
condition ξ˙(τ + h¯ν) = 0 determines ξi:
ξi =
ω2
ωd
∫ τ+h¯ν
0
dse−
γ
2 s(λ1(s)− λ2(s)). (S36)
By substituting ξi into Eq. (S35), we obtain
ξ(t) =
ω2
ωd
e
γ
2 t
∫ τ+h¯ν
t
dse−
γ
2 s(λ1(s)− λ2(s)) sinωd(t− s). (S37)
We finally integrate over dXi in Eq. (S32) and obtain
χW (ν) = exp
[
−
Mκ
2βh¯2
(ξ˙(0)− γξi)
2 −
Mγ
2h¯pi
∫ ωD
0
dΩ
Ωcoth h¯Ωβ2
(ω2 − Ω2)2 + γ2Ω2
{
Ω2ξ2i
−2
∫ τ+h¯ν
0
dtξ(t)
(
ξi(Ω(Ω
2 − ω2 − γ2) sinΩt+ γ(ω2 − 2Ω2) cosΩt
)
− ξ˙(0)
(
(ω2 − Ω2) cosΩt− γΩ sinΩt
)}
−
1
h¯
∫ τ+h¯ν
0
dt
∫ t
0
dsξ(t)LRe(t− s)ξ(s)−
iMω2
2h¯
∫ τ+h¯ν
0
dt(λ21(t)− λ
2
2(t))
+
iMω4
2h¯ωd
∫ τ+h¯ν
0
dt
∫ τ+h¯ν
t
dse
γ
2 (t−s) sinωd(t− s)(λ1(t) + λ2(t))(λ1(s)− λ2(s))
]
. (S38)
Now the characteristic function of work depends only on ξ(t), ξ˙(0) and ξi, which are uniquely determined by Eqs. (S36)
and (S37). Therefore, Eq. (S38) gives the analytical expression for the characteristic function of work for a dragged
harmonic oscillator.
It is possible to simplify the imaginary part of Eq. (S38) by explicitly calculating the integrals:
Im[lnχW (ν)] = Mγv
2(ντ −
h¯ν2
2
) (S39)
−
Mγv2
h¯ω4
(
ω2 −
γ2
2
)(
2(e−
γ
2 h¯ν cosωdh¯ν − 1)− e
− γ2 (τ+h¯ν) cosωd(τ + h¯ν) + e
− γ2 (τ−h¯ν) cosωd(τ − h¯ν)
)
+
Mv2
2h¯ω4ωd
(
ω4 − 2ω2γ2 +
γ4
2
)(
2e−
γ
2 h¯ν sinωdh¯ν − e
− γ2 (τ+h¯ν) sinωd(τ + h¯ν) + e
− γ2 (τ−h¯ν) sinωd(τ − h¯ν)
)
.
In the high-temperature limit, the real part of Eq. (S38) can be further simplified by noting that LRe(t − s) =
2Mγβ−1δ(t− s), and Eq. (S9) reduces to the canonical distribution of the bare system. We then obtain
Re[lnχW (ν)] = −
Mγ
h¯2β
∫ τ+h¯ν
0
dtξ2(t)−
M
2h¯2βω2
(
ω2ξ2i + (ξ˙(0)− γξi)
2
)
. (S40)
We plot Fig. 3 in the main text by using Eqs. (S39) and (S40).
We finally note that the classical characteristic function of work is given by [S5]
χW (ν) = exp
[(
iν −
ν2
β
)Mv2
ω2
(
γτω2 + (γ2 − ω2)(e−
γτ
2 cosωdτ − 1) +
γ
2ωd
(γ2 − 3ω2)e−
γτ
2 sinωdτ
)]
. (S41)
6It can be checked that when h¯ → 0 and β → 0, Eq. (S38) converges to Eq. (S41), which is a demonstration of the
quantum-classical correspondence of the characteristic function of work in the dragged harmonic oscillator. We would
like to emphasize that the work distribution from Eq. (S38) is non Gaussian but the work distribution from Eq. (S41)
is Gaussian. This result is similar to the dragged harmonic oscillator in the isolated regime [S3].
[S1] P. Talkner, E. Lutz and P. Ha¨nggi, Fluctuation theorems: Work is not an observable, Phys. Rev. E 75 050102 (2007).
[S2] M. Campisi, P. Talkner, and P. Ha¨nggi, Fluctuation Theorem for Arbitrary Open Quantum Systems, Phys. Rev. Lett. 102,
210401 (2009).
[S3] P. Talkner, P. S. Burada and P. Hanggi, Statistics of work performed on a forced quantum oscillator, Phys. Rev. E 78,
011115 (2008).
[S4] C. M. Smith and A. O. Caldeira, Application of the generalized Feynman-Vernon approach to a simple system: The damped
harmonic oscillator, Phys. Rev. A 41, 3103 (1990).
[S5] R. Pan, T. M. Hoang, Z. Fei, T. Qiu, J. Ahn, T. Li, and H. T. Quan, The validity and breakdown of the overdamped
approximation in stochastic thermodynamics: Theory and experiment, arXiv:1805.09080.
